The norm inequalities for the weighted Cesaro mean operators  by Kuang, Jichang
Computers and Mathematics with Applications 56 (2008) 2588–2595
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
The norm inequalities for the weighted Cesaro mean operators
Kuang Jichang
Department of Mathematics, Hunan Normal University, Changsha, Hunan, 410081, PR China
a r t i c l e i n f o
Article history:
Received 23 September 2007
Received in revised form 21 April 2008
Accepted 27 May 2008
Keywords:
Weighted Cesaro mean operator
Dual Hardy operator
Herz spaces
Norm
Inequality
a b s t r a c t
This paper gives some necessary and sufficient conditions for the weighted Cesaro
mean operators to be bounded on Herz spaces. The corresponding new operator norm
inequalities are obtained.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Given a non-negative functionψ on [0, 1], for a measurable complex-valued function f on Rn, the weighted Cesaro mean
operator is defined by [1]:
T (f , x) =
∫ 1
0
f
(x
t
)
t−nψ(t)dt. (1.1)
If ψ ≡ 1 and n = 1, then T is just reduced to the classical Cesaro operator or the dual Hardy operator (see [1–3]):
T0(f , x) =

∫ ∞
x
f (t)
t
dt, x > 0,∫ x
−∞
f (t)
t
dt, x < 0.
(1.2)
In [1] Xiao proved the following Theorem A:
Theorem A. Let ψ : [0, 1] → [0,∞) be a function and p ∈ [1,∞]. Then:
(1) T : Lp(Rn)→ Lp(Rn) exists as a bounded operator if and only if∫ 1
0
t−n(1−1/p)ψ(t)dt <∞. (1.3)
Moreover, when (1.3) holds, the operator norm of T on Lp(Rn) is given by
‖T‖ = sup
f 6=0
‖Tf ‖p
‖f ‖p
=
∫ 1
0
t−n(1−1/p)ψ(t)dt. (1.4)
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(2) T : BMO(Rn)→ BMO(Rn) exists as a bounded operator if and only if∫ 1
0
t−nψ(t)dt <∞. (1.5)
Moreover, when (1.5) holds, the operator norm of T on BMO(Rn) is given by
‖T‖ = sup
f 6=0
‖Tf ‖BMO(Rn)
‖f ‖BMO(Rn)
=
∫ 1
0
t−nψ(t)dt. (1.6)
It is well known that the Herz spaces play an important role in characterizing the properties of functions and multipliers
on the classical Hardy spaces. In recent year, a series of papers have paid more attention to the study of the Herz spaces
themselves (see [4–8]).
The aim of this paper is to generalize J. Xiao’s results to Herz spaces. We obtain some necessary and sufficient conditions
for theweighted Cesaromean operators T to be bounded on Herz spaces. Meanwhile, the corresponding new operator norm
inequalities are obtained.
2. Definitions and statement of the main results
Definition 1 ([4]). Let α ∈ R, 0 < p, q < ∞, Bk =
{
x ∈ Rn : |x| ≤ 2k} ,Dk = Bk − Bk−1, (k ∈ Z), ϕk = ϕDk denote the
characteristic function of the set Dk.
(1) The homogeneous Herz space
•
K
α,p
q (R
n) is defined by
•
K
α,p
q (R
n) =
{
f ∈ Lqloc(Rn − {0}) : ‖f ‖ •Kα,pq (Rn) <∞
}
, (2.1)
where
‖f ‖ •
K
α,p
q (Rn)
=
{ ∞∑
k=−∞
2kαp ‖f ϕk‖pq
}1/p
. (2.2)
The non-homogeneous Herz space Kα,pq (Rn) is defined by
Kα,pq (R
n) =
{
f ∈ Lqloc(Rn) : ‖f ‖Kα,pq (Rn) <∞
}
, (2.3)
where
‖f ‖Kα,pq (Rn) =
{∥∥f ϕB0∥∥pq + ∞∑
k=1
2kαp ‖f ϕk‖pq
}1/p
. (2.4)
It is easy to see that when p = q, we have •K
0,p
p (R
n) = K 0,pp (Rn) = Lp(Rn), and
•
K
α/p,p
p (R
n) = Kα/p,pp (Rn) = Lp (|x|α dx) .
Throughout this paper, we write
‖f ‖p,ω =
(∫
Rn
|f (x)|p ω(x)dx
)1/p
, ‖f ‖p =
(∫
Rn
|f (x)|p dx
)1/p
.
Our main results are the following three theorems:
Theorem 1. Let α ∈ R, 0 < p < ∞, and 1 ≤ q < ∞. Let ψ be a real-valued non-negative measurable function defined
on [0, 1], and t−n(1−1/q)ψ(t) be a concave function on [0, 1], then the weighted Cesaro mean operator T is defined by (1.1):
•
K
α,p
q (R
n)→ •K
α,p
q (R
n) exists as a bounded operator if and only if∫ 1
0
tα−n(1−1/q)ψ(t)dt <∞. (2.5)
Moreover, when (2.5) holds, the operator norm ‖T‖ of T on •K
α,p
q (R
n) satisfies the following inequality:∫ 1
0
tα−n(1−1/q)ψ(t)dt ≤ ‖T‖ ≤ C(p, α)
∫ 1
0
tα−n(1−1/q)ψ(t)dt, (2.6)
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where
C(p, α) =
{
21/p−2(1+ p)1/p (1+ 2|α|) , 0 < p ≤ 1
2(1−2/p)(1+ 1/p)(1+ 2|α|), 1 < p <∞. (2.7)
Theorem 2. Let α ∈ R, 0 < p < ∞, and 0 < q < 1. Let ψ be a real-valued non-negative measurable function defined
on [0, 1] . If F(t) = |f (x/t)| t−nψ(t) and t−n(1−1/q)ψ(t) are concave functions on [0, 1], then the weighted Cesaro mean
operator T is defined by (1.1):
•
K
α,p
q (R
n)→ •K
α,p
q (R
n) exists as a bounded operator if and only if (2.5) holds. Moreover, when (2.5)
holds, the operator norm ‖T‖ of T on •K
α,p
q (R
n) satisfies the following inequality:∫ 1
0
tα−n(1−1/q)ψ(t)dt ≤ ‖T‖ ≤ C(p, q, α)
∫ 1
0
tα−n(1−1/q)ψ(t)dt, (2.8)
where
C(p, q, α) =
2
1/p−1/q−2q−1/p(1+ q)1/q(p+ q)1/p(1+ 2|α|), 0 < p ≤ q < 1,
21/q−2 (1+ q)1/q (1+ 2|α|) , 0 < q < p < 1,
21/q−2/p−1(1+ q)1/q(1+ 1/p) (1+ 2|α|) , 0 < q < 1 ≤ p <∞. (2.9)
Theorem 3. Let α ∈ R, 1 ≤ p <∞, andψ be a non-negative measurable function defined on [0, 1]. Then the weighted Cesaro
mean operator T is defined by (1.1): Lp (|x|α dx)→ Lp (|x|α dx) exists as a bounded operator if and only if∫ 1
0
t−n+(α+n)/pψ(t)dt <∞. (2.10)
Moreover, when (2.10) holds, the operator norm ‖T‖ of T on Lp (|x|α dx) satisfies
‖T‖ =
∫ 1
0
t−n+(α+n)/pψ(t)dt. (2.11)
In particular, when α = 0, (2.11) reduces to (1.4). Hence, our main results are significant generalizations of J. Xiao’s
results [1].
There are some similar results for the non-homogeneous Herz spaces. We omit the details here.
3. Proofs of Theorems 1–3
We require the following lemmas to prove our results.
Lemma 1. Let f be a non-negative measurable function on [0, 1].
(1) If 1 ≤ p <∞, then(∫ 1
0
f
)p
≤
∫ 1
0
f p; (3.1)
(2) If 0 < p < 1, then the inequality sign in (3.1) is reversed, that is∫ 1
0
f p ≤
(∫ 1
0
f
)p
. (3.2)
Lemma 1 is an immediate consequence of Hölder’s inequality.
Lemma 2 (Beckenback and Bellman [9]). Let f be a non-negative measurable and concave function on [a, b], 0 < α ≤ β , then{
β + 1
b− a
∫ b
a
[f (x)]βdx
}1/β
≤
{
α + 1
b− a
∫ b
a
[f (x)]αdx
}1/α
. (3.3)
Set a = 0, b = 1. For α = 1, β = p ≥ 1, we obtain the Favard inequality:∫ 1
0
f p ≤ 2
p
p+ 1
(∫ 1
0
f
)p
; (3.4)
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while α = p, β = 1, that is, 0 < p ≤ 1 yields(∫ 1
0
f
)p
≤ p+ 1
2p
∫ 1
0
f p. (3.5)
We next write simply
•
K
α,p
q (R
n) to denote K .
Proof of Theorem 1. Using the Minkowski inequality for integrals and setting u = x/t , we get
‖(Tf )ϕk‖q =
{∫
Dk
∣∣∣∣∫ 1
0
f
(x
t
)
t−nψ(t)dt
∣∣∣∣q dx
}1/q
≤
∫ 1
0
(∫
Dk
∣∣∣f (x
t
)∣∣∣q dx)1/q t−nψ(t)dt
=
∫ 1
0
(∫
2k−1/t<|u|≤2k/t
|f (u)|q du
)1/q
t−n(1−1/q)ψ(t)dt.
For each t ∈ (0, 1), there exists an integerm such that 2m−1 < t ≤ 2m. Setting
Ak,m =
{
u ∈ Rn : 2k−m < |u| ≤ 2k−m+1} ,
we obtain
‖(Tf )ϕk‖q ≤
∫ 1
0
(∫
A(k−1),m
|f (u)|q du+
∫
Ak,m
|f (u)|q du
)1/q
t−n(1−1/q)ψ(t)dt
≤
∫ 1
0

(∫
A(k−1),m
|f (u)|q du
)1/q
+
(∫
Ak,m
|f (u)|q du
)1/q t−n(1−1/q)ψ(t)dt
=
∫ 1
0
(‖f ϕk−m‖q + ‖f ϕk−m+1‖q) t−n(1−1/q)ψ(t)dt. (3.6)
It follows that
‖Tf ‖K =
{ ∞∑
k=−∞
2kαp ‖(Tf )ϕk‖pq
}1/p
≤
{ ∞∑
k=−∞
2kαp
[∫ 1
0
(‖f ϕk−m‖q + ‖f ϕk−m+1‖q)t−n(1−1/q)ψ(t)dt
]p}1/p
. (3.7)
Now, we consider two cases for p:
Case 1. 0 < p ≤ 1. In this case, it follows from (3.7) and (3.5) that
‖Tf ‖K ≤ (1+ p)
1/p
2
{ ∞∑
k=−∞
2kαp
∫ 1
0
(‖f ϕk−m‖pq + ‖f ϕk−m+1‖pq) t−n(1−1/q)pψp(t)dt
}1/p
≤ 21/p−2(1+ p)1/p

[ ∞∑
k=−∞
2(k−m)αp ‖f ϕk−m‖pq
∫ 1
0
2mαpt−n(1−1/q)pψp(t)dt
]1/p
+
[ ∞∑
k=−∞
2(k−m+1)αp ‖f ϕk−m+1‖pq
∫ 1
0
2(m−1)αpt−n(1−1/q)pψp(t)dt
]1/p
≤ 21/p−2(1+ p)1/p ‖f ‖K
∫ 1
0
(
2mα + 2(m−1)α) t−n(1−1/q)ψ(t)dt
≤ 21/p−2(1+ p)1/p (1+ 2|α|) ‖f ‖K ∫ 1
0
tα−n(1−1/q)ψ(t)dt. (3.8)
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Case 2. 1 < p <∞, In this case, it follows from (3.7), (3.1) and (3.5) that
‖Tf ‖K ≤
{ ∞∑
k=−∞
2kαp
∫ 1
0
(‖f ϕk−m‖q + ‖f ϕk−m+1‖q)p t−n(1−1/q)pψp(t)dt
}1/p
≤ 21−1/p
{ ∞∑
k=−∞
2kαp
(‖f ϕk−m‖pq + ‖f ϕk−m+1‖pq) t−n(1−1/q)pψp(t)dt
}1/p
≤ 21−1/p

[ ∞∑
k=−∞
2(k−m)αp ‖f ϕk−m‖pq
∫ 1
0
2mαpt−n(1−1/q)pψp(t)dt
]1/p
+
[ ∞∑
k=−∞
2(k−m+1)αp ‖f ϕk−m+1‖pq
∫ 1
0
2(m−1)αpt−n(1−1/q)pψp(t)dt
]1/p
≤ 21−2/p(1+ 1/p) ‖f ‖K
∫ 1
0
(
2mα + 2(m−1)α) t−n(1−1/q)ψ(t)dt
≤ 21−2/p(1+ 1/p) (1+ 2|α|) ‖f ‖K ∫ 1
0
tα−n(1−1/q)ψ(t)dt. (3.9)
Hence, by (3.8) and (3.9), we get
‖T‖ ≤ C(p, α)
∫ 1
0
tα−n(1−1/q)ψ(t)dt (3.10)
where C(p, α) is defined by (2.7).
To prove the opposite inequality, we set for any ε ∈ (0, 1),
fε(x) =
{
0, |x| ≤ 1,
|x|−(α+ε+n/q) , |x| > 1,
then for k = 0,−1,−2, . . . , ‖fεϕk‖q = 0, and for k ∈ Z+, we have
‖fεϕk‖qq =
∫
2k−1<|x|≤2k
|x|−(α+ε+n/q)q dx = 2pi
n/2
Γ (n/2)
∫ 2k
2k−1
r−(α+ε)q−1dr = Cn2−k(α+ε)q, (3.11)
where
Cn = 2pi
n/2
Γ (n/2)
∣∣∣∣2(α+ε)q − 1(α + ε)q
∣∣∣∣ .
It follows that
‖fε‖K =
{ ∞∑
k=−∞
2kαp ‖fεϕk‖pq
}1/p
=
{ ∞∑
k=1
2kαp
(
C1/qn 2
−k(α+ε))p}1/p
= C1/qn
{ ∞∑
k=1
2−kεp
}1/p
= C1/qn
2−ε
(1− 2−εp)1/p . (3.12)
Observe that t ∈ [0, 1], thus if t ≥ |x|, then T (fε, x) = 0. If t < |x|, then
T (fε, x) =
∫ |x|
0
∣∣∣x
t
∣∣∣−(α+ε+n/q) t−nψ(t)dt
= |x|−(α+ε+n/q)
∫ |x|
0
tα+ε−n(1−1/q)ψ(t)dt. (3.13)
For each ε ∈ (0, 1), there exists a positive integer l, such that 2l−1 ≤ 1/ε < 2l, so that
‖Tfε‖pK =
∞∑
k=−∞
2kαp ‖(Tfε)ϕk‖pq
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=
∞∑
k=−∞
2kαp
{∫
|x|>1
[
|x|−(α+ε+n/q) ϕk(x)
∫ |x|
0
tα+ε−n(1−1/q)ψ(t)dt
]q
dx
}p/q
≥
(∫ 1
0
tα+ε−n(1−1/q)ψ(t)dt
)p ∞∑
k=1
2kαp
(∫
2k−1<|x|≤2k
|x|−(α+ε+n/q)q dx
)p/q
=
(∫ 1
0
tα+ε−n(1−1/q)ψ(t)dt
)p
Cp/qn
(
2−εp
1− 2−εp
)
.
It follows that
‖Tfε‖K ≥
(∫ 1
0
tα+ε−n(1−1/q)ψ(t)dt
)
C1/qn
(
2−ε
(1− 2−εp)1/p
)
=
(∫ 1
0
tα+ε−n(1−1/q)ψ(t)dt
)
‖fε‖K .
Thus,
‖T‖ ≥ ‖Tfε‖K‖fε‖K
≥
∫ 1
0
tα+ε−n(1−1/q)ψ(t)dt. (3.14)
Taking limits as ε→ 0 in (3.14), we obtain
‖T‖ ≥
∫ 1
0
tα−n(1−1/q)ψ(t)dt. (3.15)
This finishes the proof of Theorem 1. 
Proof of Theorem 2. Using (3.5) and the notations in the proof of Theorem 1, we have
‖(Tf )ϕk‖q ≤
{∫
Dk
[∫ 1
0
∣∣∣f (x
t
)∣∣∣ t−nψ(t)dt]q dx}1/q
≤ (1+ q)
1/q
2
{∫ 1
0
(∫
Dk
∣∣∣f (x
t
)∣∣∣q dx) t−nqψq(t)dt}1/q
≤ (1+ q)
1/q
2
{∫ 1
0
(‖f ϕk−m‖qq + ‖f ϕk−m+1‖qq)t−n(q−1)ψq(t)dt
}1/q
.
It follows that
‖Tf ‖K ≤ (1+ q)
1/q
2
{ ∞∑
k=−∞
2kαp
[∫ 1
0
(‖f ϕk−m‖qq + ‖f ϕk−m+1‖qq)t−(q−1)nψq(t)dt
]p/q}1/p
. (3.16)
Now, we consider three cases:
Case 1: 0 < p ≤ q < 1. In this case, it follows from (3.16) and (3.5) that
‖Tf ‖K ≤ (1+ q)
1/q
2
(
1+ p/q
2p/q
)1/p { ∞∑
k=−∞
2kαp
[∫ 1
0
(‖f ϕk−m‖pq + ‖f ϕk−m+1‖pq)t−n(1−1/q)pψp(t)dt
]}1/p
≤ 21/p−1/q−2q−1/p(p+ q)1/p(1+ q)1/q

[ ∞∑
k=−∞
2(k−m)αp ‖f ϕk−m‖pq
∫ 1
0
2αmpt−n(1−1/q)pψp(t)dt
]1/p
+
[ ∞∑
k=−∞
2(k−m+1)αp ‖f ϕk−m+1‖pq
∫ 1
0
2(m−1)αpt−n(1−1/q)pψp(t)dt
]1/p
≤ 21/p−1/q−2q−1/p(p+ q)1/p(1+ q)1/q ‖f ‖K
∫ 1
0
(2mα + 2(m−1)α)t−n(1−1/q)ψ(t)dt
≤ 21/p−1/q−2q−1/p(p+ q)1/p(1+ q)1/q(1+ 2|α|) ‖f ‖K
∫ 1
0
tα−n(1−1/q)ψ(t)dt. (3.17)
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Case 2: 0 < q < p < 1. In this case, by (3.1) and (3.16), we have
‖Tf ‖K ≤ (1+ q)
1/q
2
{ ∞∑
k=−∞
2kαp
∫ 1
0
(‖f ϕk−m‖qq + ‖f ϕk−m+1‖qq)p/qt−n(1−1/q)pψp(t)dt
}1/p
≤ 21/q−1/p−1(1+ q)1/q
{ ∞∑
k=−∞
2kαp
∫ 1
0
(‖f ϕk−m‖pq + ‖f ϕk−m+1‖pq)t−n(1−1/q)pψp(t)dt
}1/p
≤ 21/q−2(1+ q)1/q

[ ∞∑
k=−∞
2(k−m)αp ‖f ϕk−m‖pq
∫ 1
0
2mαpt−n(1−1/q)pψp(t)dt
]1/p
+
[ ∞∑
k=−∞
2(k−m+1)αp ‖f ϕk−m+1‖pq
∫ 1
0
2(m−1)αpt−n(1−1/q)pψp(t)dt
]1/p
≤ 21/q−2(1+ q)1/q ‖f ‖K
∫ 1
0
(2mα + 2(m−1)α)t−n(1−1/q)ψ(t)dt
≤ 21/q−2(1+ q)1/q(1+ 2|α|) ‖f ‖K
∫ 1
0
tα−n(1−1/q)ψ(t)dt. (3.18)
Case 3. 0 < q < 1 ≤ p <∞, then by (3.16) and (3.5), we get
‖Tf ‖K ≤ 21/q−1/p−1(1+ q)1/q

[ ∞∑
k=−∞
2(k−m)αp ‖f ϕk−m‖pq
∫ 1
0
2mαpt−n(1−1/q)pψp(t)dt
]1/p
+
[ ∞∑
k=−∞
2(k−m+1)αp ‖f ϕk−m+1‖pq
∫ 1
0
2(m−1)αpt−n(1−1/q)pψp(t)dt
]1/p
≤ 21/q−2/p−1(1+ q)1/q(1+ 1/p) ‖f ‖K
∫ 1
0
(2mα + 2(m−1)α)t−n(1−1/q)ψ(t)dt
≤ 21/q−2/p−1(1+ q)1/q(1+ 1/p)(1+ 2|α|) ‖f ‖K
∫ 1
0
tα−n(1−1/q)ψ(t)dt. (3.19)
Hence, by (3.17)–(3.19), we get
‖T‖ ≤ C(p, q, α)
∫ 1
0
tα−n(1−1/q)ψ(t)dt (3.20)
where C(p, q, α) is defined by (2.9). By the same technique used in Theorem 1 one can show the opposite inequality:
‖T‖ ≥
∫ 1
0
tα−n(1−1/q)ψ(t)dt.
This finishes the proof of Theorem 2. 
Proof of Theorem 3. Let ω(x) = |x|α . By the Minkowski inequality for integrals and setting u = x/t , we have
‖Tf ‖p,ω =
(∫
Rn
|T (f , x)|p |x|α dx
)1/p
≤
∫ 1
0
(∫
Rn
∣∣∣f (x
t
)∣∣∣p |x|α dx)1/p t−nψ(t)dt
=
∫ 1
0
(∫
Rn
|f (u)|p |u|α du
)1/p
t−n+(α+n)/pψ(t)dt = ‖f ‖p,ω
∫ 1
0
t−n+(α+n)/pψ(t)dt.
It follows that
‖T‖ = sup
f 6=0
‖Tf ‖p,ω
‖f ‖p,ω
≤
∫ 1
0
t−n+(α+n)/pψ(t)dt. (3.21)
To prove the opposite inequality, we set for any ε ∈ (0, 1),
fε(x) =
{
0, |x| ≤ 1,
|x|−(ε+(α+n)/p) , |x| > 1,
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then
‖fε‖pp,ω =
∫
Rn
|fε(x)|p |x|α dx =
∫
|x|>1
|x|−n−εp dx
= 2pi
n/2
Γ (n/2)
∫ ∞
1
r−n−εprn−1dr = Cn 1pε , (3.22)
where
Cn = 2pi
n/2
Γ (n/2)
.
Thus,
‖Tfε‖p,ω =
(∫
Rn
|T (fε, x)|p |x|α dx
)1/p
=
{∫
|x|>1
|x|−n−pε
(∫ |x|
0
t−n+ε+(α+n)/pψ(t)dt
)p
dx
}1/p
≥
(∫ 1
0
t−n+ε+(α+n)/pψ(t)dt
)(∫
|x|>1
|x|−n−pε dx
)1/p
=
(∫ 1
0
t−n+ε+(α+n)/pψ(t)dt
)
‖fε‖p,ω .
This implies
‖T‖ ≥ ‖Tfε‖p,ω‖fε‖p,ω
≥
∫ 1
0
t−n+ε+(α+n)/pψ(t)dt. (3.23)
Taking limits as ε→ 0 in (3.23), we get
‖T‖ ≥
∫ 1
0
t−n+(α+n)/pψ(t)dt. (3.24)
Then by (3.21) and (3.24), we have
‖T‖ =
∫ 1
0
t−n+(α+n)/pψ(t)dt.
The theorem is proved. 
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